We discuss some aspects about the computation of kinematic, spectroscopic, Fermi and astrometric relative velocities that are geometrically defined in general relativity. Mainly, we state that kinematic and spectroscopic relative velocities only depend on the 4-velocities of the observer and the test particle, unlike Fermi and astrometric relative velocities, that also depend on the acceleration of the observer and the corresponding relative position of the test particle, but only at the event of observation and not around it, as it would be deduced, in principle, from the definition of these velocities. Finally, we propose an open problem in general relativity that consists on finding intrinsic expressions for Fermi and astrometric relative velocities avoiding terms that involve the evolution of the relative position of the test particle. For this purpose, the proofs given in this paper can serve as inspiration.
Introduction
The concept of "relative velocity" of a distant test particle with respect to an observer is ambiguous in general relativity, in the sense that different coordinate systems and notions of simultaneity yield different results. This ambiguity led to consideration at the General Assembly of the International Astronomical Union (IAU), held in 2000 (see [1, 2] ), introducing different definitions of "radial velocity" based on the Barycentric Celestial Reference System (BCRS). However, a geometric concept of "relative velocity" should be intrinsic and independent from any coordinate system. Following this idea, four different geometric definitions were introduced in [3] : kinematic, Fermi, spectroscopic and astrometric relative velocities. These four concepts each have full physical sense, and have proved to be useful in the study of properties of particular spacetimes [4, 5, 6 ] (see [6] for a more detailed list of related works).
In this paper we discuss some aspects about the computation of these relative velocities, and it is organized as follows. In Section 2 we present the framework, establishing the notation and defining some necessary concepts, introducing in Section 2.1 the four geometric concepts of relative velocity. In Section 3 we develop the discussion, making special interest on those aspects concerning the geometric elements that are needed for the computation of the relative velocities. We further study this question for the Fermi and astrometric relative velocities, in special relativity (Section 3.1) and general relativity (Section 3.2). Finally, we give some concluding remarks in Section 4. Figure 1 : Scheme of the elements involved in the study of the relative velocities of β with respect to β. The curve ψ is a spacelike geodesic orthogonal to the 4-velocity of β at p, denoted by u, and λ is a light ray from q to p. The vectors u s and u are the 4-velocities of β at q s and q respectively.
Definitions and notation
We work in a lorentzian spacetime manifold (M, g), with c = 1 and ∇ the Levi-Civita connection, using the Landau-Lifshitz Spacelike Convention (LLSC). We suppose that M is a convex normal neighborhood; thus, given two events p and q in M, there exists a unique geodesic joining them. The parallel transport from q to p along this geodesic is denoted by τ qp . If β : I → M is a curve with I ⊆ R a real interval, we identify β with the image βI (that is a subset in M), in order to simplify the notation. Vector fields are denoted by uppercase letters and vectors (defined at a single point) are denoted by lowercase letters. If u is a vector, then u ⊥ denotes the orthogonal space of u. The projection of a vector v onto u ⊥ is the projection parallel to u. Moreover, if x is a spacelike vector, then x := g (x, x) 1/2 is the modulus of x. If X is a vector field, X p denotes the unique vector of X in T p M.
In general, we say that a timelike world line β is an observer (or a test particle). Nevertheless, we say that a future-pointing timelike unit vector u in T p M is an observer at p, identifying it with its 4-velocity.
A light ray is a lightlike geodesic λ. A light ray from q to p is a light ray λ such that q, p ∈ λ and p is in the causal future of q.
Geometrically defined relative velocities
Throughout the paper, we consider an observer β and a test particle β (parameterized by their proper times) with 4-velocities U , U respectively. Let p be an event of β, and u := U p . We define q s as the event of β such that there exists a spacelike geodesic ψ orthogonal to u joining p and q s (see Figure 1) ; analogously, let q be the event of β such that there exists a light ray λ from q to p. We denote u s := U qs and u := U q in order to simplify the notation.
The kinematic relative velocity of u s with respect to u is the vector
Analogously, the spectroscopic relative velocity of u with respect to (or observed by) u is the vector
Note that v kin and v spec are both spacelike and orthogonal to u. Varying p along β, we construct the vector fields V kin and V spec defined on β, representing the kinematic and the spectroscopic relative velocity of β with respect to β, respectively (see [3, Definitions 3, 4, 10 and 11]). The relative position of q s with respect to u is the vector
where exp p is the exponential map * on T p M and log p is its inverse (note that the log map is well-defined because we work in a convex normal neighborhood). On the other hand, the observed relative position of q with respect to (or observed by) u is the projection of log p q onto u ⊥ , i.e. it is the vector
Note that s and s obs are both spacelike and orthogonal to u. Varying p along β, we construct the vector fields S and S obs defined on β, representing the relative position and the observed relative position of β with respect to β, respectively (see [3, Definitions 1, 2, 8 and 9]). The Fermi relative velocity of β with respect to β is the projection of ∇ U S onto U ⊥ , i.e. it is the vector field
defined on β (see [3, Definition 5 and Proposition 1]). Analogously, the astrometric relative velocity of β with respect to β is the projection of ∇ U S obs onto U ⊥ , i.e. it is the vector field
defined on β (see [3, Definition 12 and Proposition 5]). Note that both relative velocities are spacelike and orthogonal to U . In order to complete the notation that we are going to use, we define the vectors v Fermi := V Fermi p and v ast := V ast p ; moreover, throughout the paper we are going to denote s := S p , s obs := S obs p , v kin := V kin p and v spec := V spec p .
Computation of relative velocities
The kinematic relative velocity at p depends only on the 4-velocities of the observer at p and the test particle at q s , i.e. u and u s respectively (see Figure 1) , and according to (1) , for its computation we have to find the vector τ qsp u s . In practice, we can find a vector field X which is tangent and parallel to the geodesic ψ and then, taking into account that the connection is metric-compatible (i.e. the metric tensor is parallelly transported along geodesics), equations g (X p , τ qsp u s ) = g (X qs , u s ) and g (τ qsp u s , τ qsp u s ) = g (u s , u s ) = −1 are very useful (see examples in [3, 4, 6] ). This is analogous for the spectroscopic relative velocity, taking into account (2) and considering q , u , λ instead of q s , u s , ψ.
On the other hand, according to (5), the Fermi relative velocity at p apparently also depends on (∇ U S) p and (∇ U U ) p (interpreted as the acceleration of the observer at p). Consequently, it would not suffice to know the vectors u and s (at p), but it would be necessary to know the behavior of the corresponding vector fields, U and S, around p (concretely, at the intersection of a neighborhood of p and the observer β). This is analogous for the astrometric relative velocity, taking into account (6) and considering S obs instead of S.
In the following sections, we give some results that weaken this condition and let us to compute the Fermi and astrometric relative velocities knowing the acceleration of the observer and S or S obs only at p (i.e. s or s obs ).
Special relativity
In this section, we work in the Minkowski spacetime, considering that all the tangent spaces are canonically identified by means of parallel transport. Moreover, the Minkowski spacetime has an affine structure and, given two events p, q ∈ M, the vector which joins p and q (i.e. log p q) is given by q − p.
The goal is to find expressions for V Fermi and V ast in terms of U , ∇ U U , U , S and S obs , avoiding ∇ U S, ∇ U S obs , or any term involving the evolution of S and S obs around p. These expressions were previously found in the proofs of [3, Propositions 8 and 9] (which were given in terms of V kin and V spec ), but we present here new proofs in a more geometric way that are susceptible to be extended to general relativity and serve us to prove the main result of this work: Proposition 3.3.
Proposition 3.1 It holds
where V Fermi , U , S, ∇ U U are evaluated at an event p of β, and U is evaluated at the corresponding event q s of β (see Figure 1 ).
Proof. Let p = β (τ ) be an event of β (where τ is the proper time of β at p), and let u (τ ) be the 4-velocity of β at p. Considering the corresponding event q s of β , the relative position of q s with respect to u(τ ), denoted by s(τ ), is given by q s − p. So, if τ (τ ) is the proper time of β at q s and u s = u (τ (τ )) is the 4-velocity of β at q s , by (3) we have
where the overdot represents differentiation with respect to τ . On the other hand
Applying (8) in (9) we have
and then, combining (8) with (10), we obtaiṅ
Using vector fields, from (11) we have
where U , S, ∇ U U , ∇ U S are evaluated at p, and U is evaluated at the corresponding event q s . So, applying (12) in (5), the Fermi relative velocity V Fermi of β with respect to β is given by (7).
Next, we give an analogous result for the astrometric relative velocity, in the case that the observer and the test particle do not intersect. Otherwise, we have to take into account Remark 3.1.
Proposition 3.2 If S obs does not vanish, then
where V ast , U , S obs , ∇ U U are evaluated at an event p of β, and U is evaluated at the corresponding event q of β (see Figure 1 ).
Proof. Let p = β (τ ) be an event of β (where τ is the proper time of β at p), and let u (τ ) be the 4-velocity of β at p. Considering the corresponding event q of β , the relative position of q observed by u(τ ), denoted by s obs (τ ), is the projection of q − p onto u ⊥ (τ ). If τ (τ ) is the proper time of β at q , by (4) we have
where s obs (τ ) is the affine distance from p to q observed by u(τ ) (see [3, Definition 13] ). If u = u (τ (τ )) is the 4-velocity of β at q , from (14) we obtaiṅ
where the overdot represents differentiation with respect to τ . Taking into account that g (s obs , u) = 0 and (15) 
and hence, by (15) and (16) we obtaiṅ
On the other hand
Applying (17) in (18), and taking into account that g (u, u) = 0, we finḋ
and then, combining (17) with (19), we obtaiṅ
Using vector fields, from (20) we have
where U , S obs , ∇ U U , ∇ U S obs are evaluated at p, and U is evaluated at the corresponding event q . So, applying (21) in (6), the astrometric relative velocity V ast of β with respect to β is given by (13).
Remark 3.1 If S obs vanishes at p (i.e. s obs = 0) then β and β intersect at p. In this case, if u and u are the 4-velocities of β and β at p respectively, it is easy to prove that
−g(u ,u) u −u is the usual relative velocity of u observed by u (that coincides with v kin , v Fermi and v spec , see [3] ). The "+" or "−" sign is taken for a "leaving" or "arriving" test particle respectively.
General relativity
As consequence of Propositions 3.1 and 3.2 we state that, in special relativity, v Fermi and v ast can be computed in terms of p, q s , q , u, (∇ U U ) p , u s , u , s and s obs . Hence, we do not need to know S or S obs around p for computing these relative velocities. Next, we are going to generalize this result.
Proposition 3.3 In general relativity,
• v Fermi is completely determined by p, q s , u, (∇ U U ) p , u s and s.
• v ast is completely determined by p, q , u, (∇ U U ) p , u and s obs .
Proof. First, we are going to deal with the Fermi relative velocity, generalizing the steps of the proof of Proposition 3.1. Let p = β (τ ) be an event of β (where τ is the proper time of β at p), and let u (τ ) be the 4-velocity of β at p. From (3), the relative position of the corresponding q s with respect to u(τ ) is given by
where τ (τ ) is the proper time of β at q s and we use the notation log (p, q s ) := log p q s for convenience. Since we work in a convex normal neighborhood, we can use a local coordinate system x 0 , x 1 , x 2 , x 3 containing p and q s , and hence
where the overdot represents differentiation with respect to τ . Taking into account (22) and the fact that u s = u (τ (τ )) is the 4-velocity of β at q s , by the chain rule we havė
where f 1 := log ( , q s ) and f 2 := log (p, ) = log p = exp
p . Note that the derivatives of these functions are completely determined by the coordinates of p and q s and so, for our purposes, we do not need to compute them. Nevertheless, they can be computed by means of the Jacobi fields theory (see, for example, [7, 8] ).
Then, applying (23) and (24) in (25), we can solveτ in terms of the coordinates of p, q s , u, (∇ U U ) p , u s and s. Hence, taking this into account jointly with (23), (24) and the expression of the Fermi relative velocity given in (5), the result holds. With respect to the astrometric relative velocity, it can be proved analogously, taking into account (4) and generalizing the steps of the proof of Proposition 3.2.
There is an open problem that consists on finding intrinsic expressions (in a coordinatefree language) for the Fermi and astrometric relative velocities, analogous to those given in Propositions 3.1 and 3.2, i.e. in terms of U , ∇ U U , U , S and S obs , avoiding ∇ U S, ∇ U S obs , or any term involving the evolution of S and S obs around p. It is a hard geometric problem, but it would be very useful for the interpretation and computation of these relative velocities. The observers β 1 and β 2 have the same 4-velocity u at p. In the same way, the test particles β 1 and β 2 have the same 4-velocity at q s (left) or q (right). In these diagrams, ψ is a spacelike geodesic orthogonal to u at p, and λ is a light ray from q to p.
Concluding remarks
Taking into account (1) and (2), if we study the kinematic and spectroscopic relative velocities of the test particles with respect to the observers represented in the Figure 2 where the first subindex refers to the observer (β 1 or β 2 ) and the second to the test particle (β 1 or β 2 ).
Moreover, in principle (i.e. taking into account only the definitions (5) and (6) as it is discussed at the beginning of Section 3. With regard to the acceleration of the observer at p, (∇ U U ) p , it is shown in Propositions 3.1 and 3.2 that, indeed, we have to know it (even in special relativity). The fact that the relative velocity of a test particle depends on the acceleration of the observer is not intuitive, but it is acceptable in the framework of relativity. On the other hand, the fact that β 1 and β 2 have different relative velocities is even less intuitive and less acceptable. However, as it is proved in Proposition 3.3, this last statement is not true and we just need to know s or s obs (only at p). Therefore, we actually have v 
